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Abstract
Based on recently developed theory modeling granular material in isostatic state, we establish and test the technique to study properties of the system i.e. fabric tensor, by examining generated force chain network in granular material. Chain network analysis routine designed to obtain various statistical properties of the system, has been built and its performance has been tested. Force chain orientation in multiple ensembles of experimental data has been analyzed. Results were interpreted and further development suggested.
1. Introduction

Granular material is a conglomeration of discrete solid, with constituents that compose it being large enough that they are not subject to thermal motion. Examples are soil, gravel, beans, agricultural grain and seeds, pharmaceutical products, and powders.  Granular materials are of great interest for their technical relevance and for the host of modeling challenges that they present [1]. A fundamental unresolved issue concerns how granular materials respond to applied forces, and there are several substantially different theoretical models attempting to explain this [2]. Of particular interest are common observations of emergence of ‘force chains’ and ‘arches’ [3].
Repetition of experiments under identical macroscopic conditions typically leads to substantially different stress chain patterns each time. This large variability under repetition suggests that a statistical approach might be the most appropriate one. The idea is that if the macroscopic control parameters are held fixed then there exist well-defined distributions for important internal variables as the granular system is taken through a set of states consistent with the external controls [4]. The extent to which this is generally applicable is unknown. Hence, statistical characterizations of real experimental systems are very important. In section 4 we discuss construction of a multifunctional tool designed statistically analyze such systems. We examine its characteristics and performance by testing it with ensembles of data from the experiments similar to the ones used in [5].
Second part of this paper focuses on the force chain orientation analysis, based on the theoretical model, presented in [6,7] and further developed in [8,9], predicting and describing force chain network formation in isostatic state of granular material. Theory predicts some properties of the force chain network from fabric tensor P – parameter, which can be explicitly found from the geometry of the granular system [6] – and boundary conditions of the domain. Based on the model we develop technique to investigate properties of the fabric tensor of the system directly from the force chain network. We also examine several ensembles of experimental data discussed in section 3. In section 5 we present the results as well as their analysis and purpose their interpretation relating to the theory developed in section 2. Finally we suggest further work and paper concludes with section 6.
2. Theoretical background

Assemblies of grains are isostatic, or statically determinate, when the inter-granular forces can be fully determined from balance of forces and torque moments. To be isostatic, a pack of infinitely rigid grains has only to satisfy the condition that the mean number of force-carrying contacts per grain has a particular value. This value depends on the dimensionality of the system, on inter-granular friction and to some extent on the shape of the particles [10].

In two dimensions the balance conditions for static stress are given by two force equations:
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in the x- and y-directions, respectively, and one global torque moment condition,
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 are the elements of the symmetric stress tensor, and 
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 are the components of an external force field.
It has been shown in [11,12] that in isostaticity theory the equations are closed by the relation:
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which originates from the condition of local torque balance. The parameters 
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 are the elements of the symmetric fabric tensor P, 
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that characterizes the local structure. This fabric tensor has been defined explicitly in terms of the structure around grains in [6].
These conditions gives rise to strictly hyperbolic system of equations, as it was shown in [8]. The physical interpretation of the solutions of this system is that a localized stress, applied at any point along the boundary of the domain, ‘propagates into’ the domain along the two characteristic paths emanating from that point, thus creating a ‘force chain’. It was derived in [8] that locally direction of the characteristic paths is determined by the eigenvectors of the matrix A:
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where 
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 vanishes the solution of the equations is considerably simplified and the results remain qualitatively the same.

This enables us to obtain information about the fabric tensor P from the data about the force chain network in the system. Eigenvectors of A: 
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 are the eigenvalues of A :
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. We can express components of A as well as components of P in terms of  the angle eigenvectors of A makes with the y-axis:
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And thus:
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So if P is constant or varies only slightly, direction of the characteristic paths is predicted to be constant and so the force chains should form along the straight lines, and thus characteristic directions in the system should be observable.
3. Experiment
We were provided with the data from the following experiment: A layer of bidisperse packing of discs which are made of photoelastic material is placed between a pair of crossed polarizers (Fig. 1a). A single force is applied inside a bulk of the particles. Light passes through this system to produce a polariscope intensity image (Fig. 1b). Photoelastic materials exhibit a series of light and dark bands (Fig. 1d). These bands encode the detailed stress within each particle, and these stresses are in turn, determined by the forces at contacts on each particle. In general, the complete inverse problem that extracts vector forces on a particle for a given photoelastic image is a formidable problem and its detailed discussion can be found in [5] as well as more detailed description on experimental setup in [5,13]. So this system enables us to observe pattern of forces on a single particle level in 2D granular material.
4. Data analysis routine
The data was provided in a form of a simplified image (Fig 1e), each containing information about a single system: the coordinates of the centers of the discs, forces acting between them and the magnitudes of the forces. As it was discussed above and in [4], force pattern varies under identical macroscopic conditions and so automatic tool is required to analyze ensembles of such pictures to obtain statistical properties of the system.
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The primary target of the routine is to build a data base for a particular system by identifying objects as: vertex, edge and cell (Fig. 1c), relating them to each other, so that each object contains information about the objects around it, and finding the properties of each object such as: length, direction, curvature of the edge,size of cell, coordinates of each object etc. Second and the most important stage is to identify force chains: arrays of connected edges and junctions through which forces are transferred. It is a challenging task, as under real conditions fabric tensor is varying and so heavy leakage and branching processes are present. Despite that sufficient results were achieved by considering direction and curvature of the edges as well as applying threshold to initial data. Details about the program are given in the appendix B.

Finally various statistical properties for each system as well as for ensemble of systems are calculated:

· Degree of vertex (number of edges per vertex) distribution.

· Number of edges per chain distribution.

· Degree of cell (number of neighbouring cells) distribution.

· Length of edge distribution.

· Length of chain distribution.

· Orientation of edge distribution.

· Curvature of edge distribution.

· Orientation of chain distribution.

· Size of cell distribution.

· Spatial correlation of edge orientation.

· Spatial correlation of chain orientation.
Examples of the distributions are given in the appendix A.

Various techniques were adopted to extract physically significant features of the system, e.g., only the chains longer than chosen parameter counted in orientation distributions and correlations; thresholding out non-isostatic regions, so it does not affect statistics of the force chain network etc. Details about the statistical analysis part of the program are presented in the appendix C. 

The routine was tested using various original data from the experiments as well as specifically designed samples. Strong performance was observed in all the stages of the analysis. Force chain identification process requires special attention and it can be further improved, but at present sufficient performance has been achieved. Comparison between original (top) and processed (bottom) data is presented in figure 2a. In original data brightness of the edge is determined by the strength of the local force. In the following image force chains which were identified by the routine are presented, where brightness is determined by the length of the chain in order to be able to distinguish between the chains. In low and moderate complexity systems good performance is usually achieved as far as it can be examined by manually analyzing data, however in high complexity, heavy leakage and branching samples in order to achieve satisfactory results high threshold has to be applied and thus identifying only the strongest chains causes loss of data.

Despite minor aspects which are still to be improved, widely adoptable platform for statistical analysis of the force chain networks has been built. Various statistical parameters of such systems can be already found and there exists a strong potential to extend functionality on the existing basis if required.

5. Results and discussion

Ensembles of samples under identical macroscopic conditions were prepared and analyzed. Chain orientation distribution was studied in order to find characteristic directions in the system. Orientation is measured with respect to the y-axis: direction of the initial force acting in the samples. With low threshold applied, π/6 separation between consecutive maximums has been observed (Fig. 2b) suggesting existence of crystallization phenomena in the samples, what would not satisfy isostaticity assumption. This was also confirmed by analyzing spatial correlation of edge orientation (Fig. 2d) – at low distances between the edges there exist peaks at π/6 and 0, which alternate with characteristic length being average diameter of the discs. However after manually investigating data, strong crystallization (Fig. 2c) has been found only in the regions where force chains are not present. Thus applying higher threshold and including only longer chains, influence of this phenomena is mainly avoided. Although similar pattern has been observed (Fig. 3a), secondary peaks shifts towards higher angles, and hexagonal arrangement is no longer dominant. 
These results suggest existence of two types of mirror-systems with one characteristic direction in each system being close to the direction of y-axis. Similar patterns (Fig. 3c) were produced by solving the equations numerically for an arbitrarily artificial constant fabric tensor in [8]. Occurrence of such pattern can be manually observed in some samples (Fig. 3b), though most of them are more complicated. 

Force chain orientation was studied in several ensembles of data. Secondary peaks vary in a range of 65-75 degrees from the y-axis, while primary peak consists of two different peaks which we are not able to separate, and thus we are only able to estimate lower limits for the values of the entries of the matrix A:
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The results we obtained are estimates only. The quality can be improved by further development of the analysis routine as mentioned in the previous section as well as by improving the experimental setup. It would be beneficial to have a larger spatial domain with respect to the scale of a grain, as well as stronger initial stresses in order to observe longer chains and have relatively less background noise. It is also possible that resolving power in the chain orientation distribution can be improved by simply increasing the number of measurements, but it is not likely that this would enable us to resolve separate peaks in the center, as the variance of the orientation itself is large, causing peaks to be wide independently on the resolution.

6. Conclusions

Force chain network analysis routine has been built. It is a strong tool designed to be able to find various statistical properties of such systems with an ability to extend its functionality on the existing basis if required.

Several ensembles of samples prepared under identical macroscopic conditions were analyzed. Despite the existence of crystallized regions their influence to the statistical properties was successfully minimized. Results suggest that there exist two types of systems with one characteristic direction in each system being close to the direction of the y-axis. Lower limits for the values of the entries of the matrix A has been calculated: 
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. The results can be improved by further developing analysis routine and varying experimental setup such as initial stress magnitude and size of the domain.
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Figure 3. a) Orientation of chains distribution with higher threshold. b) Two samples with characteristic pattern. c) Numerical solution for σxx with arbitrarily artificial constant fabric tensor when a narrow Gaussian-shaped stress σxx is applied at (0, 0).
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Figure 2. a) Comparison between initial and processed data. b) Orientation of chains distribution with low threshold. c) Sample of initial data with region of crystalline behavior. d) Spatial correlation of edge orientation with low threshold.














Figure 1. a) Experimental scheme. b) Polariscope intensity image. c) Objects identified by the routine. d) Photoelastic grain under stress. e) Three samples of raw initial data.
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